Expressions for the position of the Celestial Intermediate Pole (CIP) and the Celestial Ephemeris Origin (CEO) in the Geocentric Celestial Reference System (GCRS) have been computed using the IAU 2000A precession-nutation . These expressions are for use in the new transformation between the GCRS and the International Terrestrial Reference System (ITRS) which is recommended by IAU Resolution B1.8. Various comparisons and numerical checks have been performed between the classical and the new transformations based on the IAU 2000A precession-nutation. These comparisons revealed necessary improvements to be applied to the classical form of the transformation in order to achieve the required level of accuracy. Once these improvements are applied, the consistency between the positions of the CIP in the GCRS corresponding to the classical and the new transformations is at a level of a few microarcseconds after one century. This work has demonstrated that the new method, in addition to providing an explicit separation between precession-nutation of the equator from Earth rotation, is more simple, compact and direct than the classical one, achieving accuracies at the level of a few microarcseconds with greatly reduced scope for accidental misuse. The resulting expressions for X, Y and s have been included in the IERS Conventions 2000. References for the numerical expressions are provided in Appendix C.
Introduction
This paper presents expressions for the position of the Celestial Intermediate Pole (CIP) and the Celestial Ephemeris Origin (CEO) in the Geocentric Celestial Reference System (GCRS) which have been computed using the IAU 2000A precession-nutation and the theoretical formulations developed in Capitaine et al. (2000) .
The position of the CIP in the GCRS is provided by the coordinates X and Y, which are the x and y components of the CIP unit vector. The coordinates are functions of the combined precession and nutation, together with the coupling effects between precession and nutation, and include also the frame rotation between the precession-nutation model at J2000 and the GCRS.
We will use the term "right ascension" in a more generic way than is strictly correct. In this paper, right ascension simply means the longitude coordinate of any Earth-pole-based
Send offprint requests to: N. Capitaine, e-mail: capitaine@syrte.obspm.fr Tables for the series for X, Y and s + XY/2 are available only in electronic form, at the CDS via anonymous ftp to cdsarc.u-strasbg.fr (130.79.128.5) or via http://cdsweb.u-strasbg.fr/cgi-bin/qcat?J/A+A/400/1145 celestial coordinate system, and so may be referred to the CEO as well as some sort of equinox. The CEO is the origin of right ascension in the new system. Its counterpart in the classical system, namely the equinox, is defined geometrically. The two defining planes, the equator and ecliptic, are both in motion and not at right-angles, and consequently the motion of the equinox across the celestial sphere is complex (and comparatively rapid). The CEO, which is the non-rotating origin (Guinot 1979) , in contrast is defined kinematically: from one moment to the next, the CEO moves only at right-angles to the instantaneous equator, and the ecliptic is not involved. This almost complete separation between the treatment of the precessing-nutating pole and the origin of right ascension leads to a much simpler relationship between stellar hour angles and Universal Time.
The concept of the CEO can be considered as extending that of a "uniform equinox" (Atkinson & Sadler 1951) by eliminating not only the equation of the equinoxes in Sidereal time, as did the uniform equinox, but its precessional counterpart in the Greenwich mean sidereal time (GMST) formula itself. This nearly eliminates the dependence of the origin of right ascension, which is just defined by a convention, from the precession-nutation motion. The kinematical definition of the CEO can also be considered as extending the concept of "departure point" (Newcomb 1895 ) currently used in celestial mechanics or satellite geodesy.
The CEO's evolution with time depends on s, the difference between the GCRS and instantaneous right ascensions of the ascending node of the instantaneous equator. The quantity s is defined by an integral that involves the path of the CIP, but the evolution of the CEO is both slow and insensitive to details of the CIP's motion. In the century 2000-2100, the CEO moves only 66 mas in GCRS right ascension.
The purpose of this paper is to provide positions of the CIP and the CEO computed to an accuracy of a few microarcseconds over a time span of a few hundred years, meeting the requirements of high-accuracy applications. The use of the X, Y and s parameters for long-term studies would require a different development in trigonometric functions of the precession angles, which will not be discussed here.
Developments of X, Y and s at microarcsecond accuracy, valid over an interval of several centuries, can be provided as polynomials in t plus a series of Poisson terms. This avoids complicated multi-stage classical transformations for X and Y and a numerical integration for s.
The precession and nutation quantities used in these computations are the MHB 2000 nutation series and the IAU 1976 precession with corrected rates in longitude and obliquity , together with the associated values for the CIP offsets at J2000 with respect to the GCRS pole. This use of the IAU 2000 A model is in agreement with the recommendation of IAU Resolution B1.6, and is supported through the IERS Conventions. The present implementation of the expressions is thus based on a semi-analytical development of nutation, which requires the use of trigonometric series, valid over a limited interval of time. Moreover, whereas more sophisticated developments of the precession quantities are available (Simon et al. 1994; Williams 1994) , the present study makes use of the IAU 2000 precession, the rates of which are estimated from the most recent VLBI data.
The quantity used for the offset in right ascension results from simultaneous analysis of VLBI and LLR data (Chapront et al. 2002) . The Fourier and Poisson series were handled using the GREGOIRE software package, capable of rapid manipulation of large series.
The formulations are given in Sect. 2, and the models and software upon which the calculations are based are described in Sect. 3. Expressions for the CIP coordinates X and Y are introduced in Sect. 4, along with internal comparisons between the series developments and classical formulations. Section 5 gives the expression for the quantity s that positions the CEO on the equator, plus comparisons with direct numerical integrations. Finally, Sect. 6 presents external comparisons between the new and classical transformations, as well as a comparison with "observed" X and Y. References for the numerical expressions are provided in Appendix C.
The new paradigm versus classical paradigm
Equivalent transformations from the GCRS to the frame of date can be provided using either the classical (equinox-based) paradigm or the new (CEO-based) paradigm. The pole for both methods is the CIP.
The conventional classical paradigm for this transformation uses a sequence of six consecutive rotations, for precession and nutation, followed by a further one for Earth rotation. The transformation is based on the developments as function of time of the precession angles ζ A , θ A , z A (Lieske et al. 1977) and of the nutation angles ∆ψ in longitude and ∆ in obliquity referred to the ecliptic of date. It uses the relationship between Greenwich sidereal time and UT1, obtained from the GMST at date t and the equation of the equinoxes. The frame bias has up to now been neglected as a rule, but is sometimes included as part of the nutation quantities.
The new paradigm (16), in contrast, keeps the concepts of the pole position and Earth rotation separate, leading to a cleaner implementation that has particular advantages for highaccuracy Earth rotation studies. The CIP position X, Y is used directly, taking rigorous account of frame bias and dealing with precession-nutation. A third number, the small and slowlyvarying quantity s, defines an origin of right ascension that matches an Earth rotation angle the time derivative of which is equal to the Earth's angular velocity. The complicated formulas for GMST and the equation of the equinoxes are eliminated.
As already pointed out, the classical and new paradigms share a common pole, the CIP, specified in terms of the X and Y components of its unit vector in the GCRS. In the classical paradigm (see (14)), these components are readily obtained simply by forming the frame bias and precession-nutation matrix and extracting elements (3, 1) and (3, 2).
Formulations
The position of the CIP in the GCRS, as defined by IAU Resolution B1.7, is a function of frame bias, precession and nutation. The CIP coordinates can be obtained by evaluating the corresponding sequence of nine or ten coordinate rotations, but a convenient alternative is to use the simple expressions for X and Y given in Capitaine (1990) and Capitaine et al. (2000) . The following expressions for X and Y are accurate to better than 1 microarcsecond at current epochs:
where ξ 0 and η 0 are the celestial pole offsets at epoch and dα 0 the right ascension of the mean equinox at epoch in the GCRS. QuantitiesX andȲ are given by:
where 0 is the obliquity of the ecliptic at J2000, ω is the inclination of the true equator of date on the fixed ecliptic of epoch and ψ is the longitude, on the ecliptic of epoch, of the node of the true equator of date on the fixed ecliptic of epoch; these quantities are such that:
where ψ A and ω A are the precession quantities in longitude and obliquity (Lieske et al. 1977) referred to the ecliptic of epoch and ∆ψ 1 , ∆ 1 are the nutation angles in longitude and obliquity referred to the ecliptic of epoch. ∆ψ 1 , ∆ 1 can be obtained from the nutation angles ∆ψ, ∆ in longitude and obliquity referred to the ecliptic of date, using the following formula from Aoki & Kinoshita (1983) , which has been verified to provide an accuracy better than one microarcsecond for a century:
A being the precession quantity in obliquity referred to ecliptic of date and χ A the precession quantity for planetary precession along the equator (Lieske et al. 1977 ).
In the following the numerical expressions of the direction cosines X and Y are multiplied by the factor 1 296 000 /2π, in order to provide in arcseconds the value of the corresponding "angles" with respect to the polar axis of GCRS. These quantities can be developed at microarcsecond accuracy as polynomials in t plus a series of Poisson terms, valid over an interval of several centuries: see expressions (11) and (12).
The parameter t, used in the following expressions, is defined by:
with T T in days.
The numerical values of the coefficients of the polynomial part of X and Y are derived from the development as a function of time of the precession in longitude and obliquity and pole offset at J2000.0 and the amplitudes (a s, In a finite displacement of the CIP between dates t 0 and t, the motion of the CEO is provided by the quantity s(t) defined by Capitaine et al. (1986) . It is the composite arc, which expresses the difference between the arc on the equator of date, from the CEO to N, and the arc, on the equator of the GCRS, from the origin, O, of right ascensions in the GCRS to N, N being the node of the equator of date on the equator of the GCRS.
To the same accuracy as for the previous quantities, the quantity s positioning the CEO on the equator is given by:
using, by convention, σ 0 N 0 = Σ 0 N 0 , where σ 0 and Σ 0 are the positions of the CEO at J2000 and the x-origin of the GCRS respectively and N 0 is the ascending node of the equator at J2000 in the equator of the GCRS.
Models and calculation procedure
The calculation procedure is based on the IAU 2000A precession-nutation and pole offset models and the use of the GREGOIRE software package.
The IAU 2000A precession-nutation model
The IAU 2000A Precession-Nutation model has been adopted by the IAU (Resolution B1.6) to replace the IAU 1976 Precession (Lieske et al. 1977) The basic Earth parameters have been estimated from a least squares fit to VLBI data set of "celestial pole offsets" obtained from VLBI measurements . The nutation series has been generated by the convolution of the MHB2000 transfer function with the Rigid-Earth nutation series REN-2000 (Souchay et al. 1999 ), rescaled to account for the change in the dynamical ellipticity of the Earth implied by the observed correction to the lunisolar precession of the equator. The resulting nutation series includes 678 lunisolar terms and 687 planetary terms and provides the direction of the celestial pole in the GCRS with an accuracy of 0.2 mas. The series includes the geodesic nutation (Fukushima 1991) . On the other hand, the nutational-type motions due to excitation of free modes, such as the Free Core Nutation (FCN), which cannot be predicted rigorously, are not included in the IAU 2000A model.
The IAU 2000 nutation series is associated with improved numerical values for the precession rate of the equator in longitude and obliquity:
The IAU 2000A Fortran code (IERS Conventions 2000, Chap. 5) returns the precession corrections themselves as well as combined with the nutations, giving the user choice in how they are to be employed. The most straightforward approach is simply to add them to the Lieske et al. (1977) expressions for ψ A and A . These corrected angles can then be used in the formulation given in Sect. 2. Applications requiring the classical precession matrix can use the corrected ψ A and A in the four-angle formulation: R 3 (χ A )R 1 (−ω A )R 3 (−ψ A )R 1 ( 0 ).
Offsets at J2000
The IAU 2000 nutation series is associated with the constant offsets δψ 0 and δ 0 of the direction of the CIP at J2000.0 from the direction of the pole of the GCRS, Fig. 1 . Offset in right ascension (Chapront et al. 2002) .
from which the following values, ξ 0 and η 0 , for the celestial pole offsets at epoch, have been adopted:
The quantity dα 0 , provided by (10), used for the offset in right ascension was obtained from simultaneous analysis of VLBI and LLR data (Chapront et al. 2002) . The sign convention is such that 14.6 mas is minus the GCRS right ascension of the mean equinox at J2000 (see Fig. 1 ). The mean equinox of epoch to be considered is not the "rotational dynamical mean equinox of J2000.0" (Standish 1981) corresponding to a computation with respect to a rotating ecliptic, as used in the past, but the inertial dynamical mean equinox of J2000.0, corresponding to a computation with respect to a fixed ecliptic to which the recent numerical or analytical solutions refer.
Note that this rotation does not cause 14.6 mas shifts in the right ascensions of stars in either the GCRS or the intermediate frame. It merely re-orients the underlying classical precessionnutation model, eliminating a small but spurious distortion that would otherwise be present. The 14.6 mas rotation is canceled by compensating changes to the new sidereal time formulas (Capitaine et al. 2003) .
The software GREGOIRE
The precession quantities are time polynomials; the nutation quantities are Poisson series, i.e. Fourier series whose coefficients are time expansions. Our main goal is to build explicit expressions for X, Y and s which can be used instead of precession and nutation angles. The manipulation of these quantities as they appear in formulas (1) to (4) in a closed form requires an algebraic tool that handles Poisson series and provides addition, multiplication, differentiation, integration and other operations such as Taylor's developments, inverse of a series, etc. The Poisson series depend on literal arguments (lunar angles, solar and planetary longitudes and also precession). The coefficients are time polynomials in t k truncated to a maximum power k, with the condition that those smaller than 1 µas after 2 centuries are to be neglected. The tool which has been used is GREGOIRE, a software package devoted to Poisson series manipulations. It allows a large numbers of Fourier arguments (≤32) and a reasonable maximum time power (≤10), depending on the largest dimension of the series. It contains a wide number of facilities to perform all the usual operations via simple scripts. In particular it allows the computation of an ephemeris for given values of the time which is explicit in the coefficients and implicit in the arguments. This tool is essential to check the final accuracy of the results. The software is described in more detail in Appendix A.
Position of the CIP in the GCRS

Expressions for the coordinates X and Y
The expressions of X and Y are derived from (1) to (4) 
ARG stands for various combinations of the fundamental arguments of the nutation theory, including both luni-solar and planetary terms (see Appendix B).
Internal comparisons
In order to check the developments as function of time of the quantities X and Y, an internal comparison in the time domain over 4 centuries around J2000 has been performed (see Fig. 2 ) between ephemerides using the developments as functions of time for X and Y (index a) and the values at the same dates based on the analytical formulation as functions of the classical precession and nutation quantities (index b). The differences are less than five microarcseconds over the considered interval.
Spectra of the differences show no amplitude greater than 0.3 µas (see Fig. 3 ). Plots of the differences (see Fig. 4 ) over a longer interval (4 centuries around J2000) demonstrate the interval of validity of the developments (2 centuries).
Position of the CEO in the GCRS
Expression for the quantity s
The quantity s is used along with X and Y to predict the position of the CEO as a function of time. By convention, s is the difference, small at present, between the GCRS and instantaneous right ascensions of the ascending node of the CIP equator on the GCRS equator.
The CEO is defined kinematically, and its position as a function of time depends on an integral that involves the motion of the CIP. The formulation given earlier (expression (6)) gives an approximation to s directly.
In most applications, a numerical integration procedure is too computationally expensive to be practical, and so a direct formula for s as a function of time is required. The numerical development is provided for the quantity s + XY/2, which requires fewer terms to reach the same accuracy than a direct development for s. Note that this quantity is equal, up to the 3d order in X and Y, to the GCRS right ascension of the CEO. The expression for s + XY/2 compatible with the IAU 2000A precession-nutation model, with all terms larger than 0.1 µas, is available in electronic form (see Appendix C). The largest terms, with amplitudes greater than 10 µas, are as follows (unit µas):
where F, D and Ω are Delaunay's nutation arguments (see Appendix B). The contribution of terms with very long periods (greater than 500 years) have been replaced by a contribution to the secular term which has been evaluated to 16 µas/c.
It should be noted that the zero-point and the secular term in the development of s have been fitted taking into account the need for continuity in UT1 (Capitaine et al. 2003) . numerical quadrature of expression (6) based on this "observed" series for X, Y. Figure 5 provides the plot of differences during the duration of the series. The differences (which also reflect the deficiencies in the numerical computation based on an imperfect set of data) are less than 5 µas over the interval of the series. These differences can be reduced to 1 µas if the development of s includes all the terms with amplitudes greater than 0.5 µas after one century, except for a trend of the order of 2 µas within the 20-year interval.
Numerical checks of the X and Y expressions
Comparison between new and classical expressions for X and Y
Comparing the new and classical transformations from GCRS to ITRS (omitting polar motion) can be done through the GCRS to ITRS rotation matrix, called R below. The classical method is to take the product of the individual rotation matrices for biases (B), precession (P), nutation (N) and Earth rotation T:
where:
This classical transformation is equivalent to the (much more compact) new transformation:
θ being the Earth Rotation Angle and E and d being derived from X and Y by: Fig. 6 . Difference in the elements (3,1) and (3,2) of the classical NP matrix between the most common two ways (using the 3-rotation or 4-rotation transformation) of forming the precession matrix. For both the classical and new transformations, elements (3, 1) and (3, 2) of the R matrix are the CIP X and Y.
Comparison of the series for X, Y with these matrix elements revealed differences at one milliarcsecond level after two centuries. These differences have been explained by the different effects appearing in the classical transformation when the IAU 2000A nutation code is used (Wallace 2002) , as described below:
-disagreement (at 1 mas level over 2 centuries) (see Fig. 6 ) between the two ways of forming the precession matrix using the angles of Lieske et al. (1977) : the 3-rotation transformation based on the quantities ζ A , θ A , z A and the 4-rotation one based on the quantities 0 , ψ A , ω A and χ A , -cross terms becoming significant after a few decades due to the use of the IAU 2000A "total" nutations that include the precession contributions, rather than applying the precession changes directly to ψ A , ω A and A (see Fig. 7 ), -cross terms becoming significant after a few decades (see Fig. 8 ) due to the effect of using the IAU 2000A bias contributions rather than applying this offset at J2000 rigorously, as a separate rotation, -cross-terms of non-negligible amplitudes over long periods of time appearing in X, Y, due to the effect of omitting the offset in right ascension at J2000, dα 0 (see Fig. 9 ).
After correcting these effects, agreement to a few microarcseconds is achieved (see Fig. 10 ), but only because the "total" dψ and d from IAU 2000A have been rejected in favor of rigorous precession and bias corrections.
These comparisons have shown that although the classical method is capable of generating the precession-nutation, and hence the CIP X, Y without inaccuracy, it is extremely easy when using it for high-accuracy applications to introduce subtle inconsistencies by accident. The pitfalls include performing the steps in the wrong order, omitting them, including them twice, introducing foreign quantities such as a "newer" obliquity, and so on. 
Comparison of the expressions for X and Y with
"observed" positions of the CIP As described in Sect. 6.2, "observed" values for X and Y can be provided by using the IAU 1976 precession, the IAU 1980 nutation and the IERS C04 celestial pole offsets as derived from VLBI observations. These "observed" positions of the CIP have been compared to the "computed" positions using the expressions for X and Y over the interval [1985] [1986] [1987] [1988] [1989] [1990] [1991] [1992] [1993] [1994] [1995] [1996] [1997] [1998] [1999] [2000] [2001] [2002] . The residuals plotted in Fig. 11 as well as the corresponding spectrum clearly reveal the presence of the time-varying FCN nutation modulation, the FCN mode being not included in the IAU 2000 precession-nutation , but being included in the IERS pole offsets.
Conclusion
Expressions Capitaine 2002) . This work has demonstrated that the new method is more simple, compact and direct than the classical one, achieving accuracies at the level of a few microarcseconds with greatly reduced scope for misuse. The explicit separation between precession-nutation of the equator from Earth rotation is a further advantage of the new method.
In Poisson series manipulations, one should be aware of the following difficulties in the product of two series S = S 1 × S 2 which is the most critical operation: a given argument of the product in S is obtained by numerous contributions in S 1 and S 2 which accumulate. In order to ensure at the end of the product a precision in the resulting coefficient, because of the truncations, the intermediate operations have to be retained in an accumulator and tested to keep the internal numerical truncation smaller than , say /10 for example. At the end of the product S the coefficients in S are limited to the condition (A.2), in order to avoid the proliferation of irrelevant terms (and eventually saturation of memory!). In our application we were guided by the final precision to be reached: 1 µas. In order to retain this precision after 2 centuries we carried out the computation to a precision of 0.01 µas with an internal limit even smaller. The bulkiness of the series is the practical limitation of the precision; this was not the case for the nutation series.
For the numerical substitution of time in the series and also for the integration and differentiation operations we need to specify numerical values for the frequencies (and also the phases) of the components of the arguments y j in (A.1). In the integration process some algebraic combinations of frequencies in the arguments may introduce very small divisors leading to spurious terms. In that case it is wise to purge the series of divisors which are not acceptable to a given precision (terms associated with very long periods of several millennia). As an example let us mention the following combination of arguments, which is very critical: 2D−2F+2Ω−2L E −2p A . Using the frequencies of nutation theory the corresponding period is 200 million years! Obviously if such a linear combination appears in series manipulations it produces a "numerical noise" without any physical meaning.
Taking the derivative reduces by one order in t the secular developments in (A.1). In the computation of s(t) given by (6) we carry out a differentiation which is followed by an integration. Even though the integration formally raises the development by one order in t the highest-order terms have already been lost and the final order is lowered by one.
One other difficulty to which the user should pay careful attention is the value of the iteration counter in an iterative process. As an example the inverse 1/S of a series S can be obtained by a Newton's Method starting from an approximate value of the inverse (1/S ) 0 . One has to make sure that the convergence of the process after several iterations is guaranteed to the precision . A key feature of GREGOIRE is its speed, which allows numerical tests to be carried out in order to validate the accuracy of the results.
Appendix B: Numerical values of the basic quantities
The expressions for the quantities X, Y and s are derived from expressions for the classical precession and nutation quantities based on the IAU 2000A precession-nutation model. The precession expressions of Lieske et al. (1977) are: Appendix C: References for the numerical developments Table C .1 provides the location of the numerical expressions used in this paper. It also indicates the places where the definitive and full forms of the numerical expressions described in this paper are available. 
